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1 Introduction 

The class of metabelian Lie algebras is an important class of Lie algebras and attracts 
many attentions. Let us mention the recent papers by E. Daniyarova, I. Kazatchkov, and 
V. Remeslennikov jHEJE] on algebraic geometry of free metabelian Lie algebra, S. Findik 
and V. Drensky [8j [7] on automorphisms of free metabelian Lie algebras, and V. Kurlin 
[9] on the Backer- Campbell-Hausdorff formula for free metabelian Lie algebras. Grobner- 
Shirshov bases theory would be useful on this class of algebras. This theory was first 
considered by V.V. Talapov [TU] in 1982. However, there are serious gaps in his paper. 
He missed several cases when he defined compositions. This means the theory was not 
established correctly. We refine his idea and complete the results. 

It is well-known that for many kinds of algebras, if Ai = (Xj|Sj), i = 1,2, are de- 
fined by generators and defining relations, where Si and S2 are Grobner-Shirshov bases 
respectively, then Si U S2 is a Grobner-Shirshov basis for the free product A\ * A 2 = 
(Xi U X 2 \Si U S2) of A\ and A 2 , for example, associative algebras, Lie algebras and for all 
classes with compositions of inclusion and intersection only (cf. [2J [3]). We prove that it 
is not the case for metabelian Lie algebras, see Theorem 13. 1[ even in the case of S2 = 0. 
On the other hand, if S, C A\ , then Si U S2 is a Grobner-Shirshov basis for the free 
metabelian Lie product A\ * A 2 , see Proposition 13.21 

Throughout this paper, all algebras will be considered over a field k of arbitrary char- 
acteristic. Suppose that £ is a Lie algebra. Then £ is called a metabelian Lie algebra if 
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£( 2 ) = 0, where C^ ' = C, £( n+1 ) = [C^ n \C^ n '\. More precisely, the variety of metabelian 
Lie algebras is given by the identity 

{x^^x^xa) = 0. 

2 Composition-Diamond lemma for metabelian Lie 
algebras 

Let us begin with the construction of a free metabelian Lie algebra. Let X be a set and 
Lie(X) be the free Lie algebra generated by X. Then £( 2 )(X) = Lie(X) / Lie(X)^ is 
the free metabelian Lie algebra generated by X. Any metabelian Lie algebra AiC is a 
homomorphic image of a free metabelian Lie algebra generated by some X, that is, AiC 
can be presented by generators X and defining relations S: M.L = C(2)(X\S). 

We call a non-associative monomial on X is left-normed if it is of the form (• ■ ■ ((ab)c) ■ ■ ■ )d. 
In the sequel, the brackets in the expression of left-normed monomials are omitted. 

Let X be well-ordered. For an arbitrary set of indices j\iHi' ' ' > Jm, define an associative 
word 

\dj x ■ ■ ■ Ctj m ) = Qij • • • &i m , 

where a^< • • • < di m and ii, 12, ■ • • , i m is a permutation of the indices ji,j2, • • • ,jm- 
Let 

R = {u = a^aia2 ■ ■ ■ a n |aj e X (0 < i < n), ao > a% < ■ ■ ■ < a n , n > 1} 

and N = X U R, where u = aoa\a2 ■ ■ ■ a n is left-normed. 

Then N forms a linear basis of the free metabelian Lie algebra £( 2 )(X), i.e., C(2)(X) = 
kN, see pQ. 

We call elements of N regular words on X and those of R regular i?-words. Therefore, 
for any / G £( 2 )(X), f has a unique presentation / = /W + /'°), where p 1 ' G ki? and 
f(°' G kX. Moreover, the multiplication table of regular words is the following, u ■ v = 
if both u, v G R, and 



aoaiCL2 ■ ■ ■ a n ■ b 



flo( a i a 2 ' ' ' Q-nb) if 0,1 < b, 

a baia,2 ■ ■ ■ a n — aib(a a 2 ■ ■ ■ a n ) if d\ > b. 



If u = aoai • • • a n G R, then the regular words a,i (0 < i < n), 00(0^ • • • a^) (I < 
n, a^, • • • , ai t is a subsequence of the sequence aj, • • • , a n ) are called subwords of w. The 
words cii (2 < i < n), and also a\ if ao > 02 are called strict subwords of u. 

Define the length of regular words: 

I cat I = 1, |aoai02 ■ • • o„| = n + 1, 

where G X. Now we order the set X degree-lexicographically, i.e., for any 

u, v G X, 

w > u if \u\ > \v\ or \u\ = \v\, u >i ex v. 
Through out this paper, we will use this ordering. 
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The largest monomial occurring in / G C^{X) with nonzero coefficient is called the 
leading word of / and is denoted by /. Then we have a aia 2 • • • a n • b — a Q (aia 2 ■ ■ ■ a n b) 
and \u ■ b\ = \u\ + 1. For any / G £( 2 )(X), we called / to be monic, (l)-monic and 
(O)-monic if the coefficients of /, /W and /(°) are 1 respectively. 

Lemma 2.1 For any u,v E N, if u > v then 

(V6 G N) u ■ b j£ =>• ~u~b > VI). 

Proof. The result is obvious if either u, v G X or \u\ > \v |. Suppose that u = aoa\a 2 ■ ■ ■ a n , 
v = a^a^a^ ■ • • a' n G R and b G X. If ao > a' then we are done. If a$ = a' , then 
(aia 2 ■ ■ ■ a n b) > {a[a 2 ■ ■ ■ a' n b) in [X] since the deg-lex ordering on [X] is monomial, where 
[X] is the free commutative momoid generated by X. Now, the result follows. □ 

Let S C C(2)(X). We denote u s = sv\v 2 ■ ■ -v n , where Vi G N, s G S and n > 0. We 
call u s an s-word (or S-word). It is clear that each element of the ideal Id(S) of C^(X) 
generated by S is a linear combination of S'-words. 

Definition 2.2 Let S C £( 2 )(X). Then the following two kinds of polynomials are called 
normal S-words: 

(i) saia 2 • • -a n , where a>i G X (1 < i < n), a\ < a 2 < • • • < a n , s G S , s ^ a\ and 
n > 0; 

(ii) us, where u G R, s G S and s ^ u. 

By a simple observation, we have 

{Co(ci • • • c k a x a 2 ■ ■ ■ a n ) if s — c Ci • • • c k , 

c§a\a 2 ■ • • a n if s — c > a±, 

aic a 2 ■ ■ • a n if s — cq < a±, 

and us = a {a 1 ■ ■ ■ a^C)), where u — a (ai • • • a^). That is to say, if u s is a normal s-word, 
then u2 either contains s as a subword or contains s(°) as a strict subword. 

A regular wor d u is called ^-irreducible if for any s G S, u contains neither s as a 
subword nor s(°) as a strict subword. Denote Irr(S) the set of all S'-irreducible words. 
This means 

Irr(S) — {u | u G N, u ^ vl for any normal S-word t> s }. 
Remark: For any s G £( 2 )(X), 

saia 2 • • • a n — saiaj 2 ■ ■ ■ a,j n , 

where (a j2 •••%„) = a 2 • • • a n . 

Lemma 2.3 Let S C £( 2 )(X) and Id(S) be the ideal of C^{X) generated by S. Then 
for any f G Id{S), f can be written as a linear combination of normal S-words. 
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Proof. It is suffice to show that any S'-word u s = su\U 2 ■ • ■ u n is a linear combination of 
normal S'-words, where U{ G N, 1 < i < n. We may assume that s is monic. The proof 
will be proceeded by induction on n. 
There is nothing to prove if n — 0. 

Assume that n = 1. If s ^ u±, then either sui or u\s is normal. If s = ui, then 

S = Ml + J2s> Vj eN a j V j> a 3 e k alld 

SUl = s(s-Y^ oiiVj) = -s = - a i sv i' 

Vj<S v j<s v j<s 

where for each j, either VjS or svj is normal. 

For n > 2, if 3-Uj G i? (i > 2), then s«iW2 • • • «u = 0; if u± G i?, then (swi)a 2 • • - a„ = 
s(«ia 2 • • • a n ) which is the above case. So we may assume that u s = sa\a 2 • ■ • a n is normal 
and u n+ i = a G X. Then 

u s ■ u n+ \ = sa\a 2 ■ • ■ a n • a — sai{a 2 • • • a n a). 

If a > ai, then sa\(a 2 ■ ■ ■ a n a) is normal. If a < ai, then 

u s ■ u n+ i = saiaa 2 ■ ■ ■ a n 

= saaia 2 - ■ • a n — {{aia)s)a 2 - • • a n 
= saa\a 2 • ■ • a n — a\aa 2 ■ ■ ■ a n ■ s. 

Clearly by the previous proof, a\aa 2 • • • a n • s is normal. Now saaia 2 ■ • ■ a n is already 
normal provided that s 7^ a. If s — a, then we substitute a by — Y2 B>v . eN otjVj where 
aN a i v v ancl tne result follows now. □ 

Lemma 2.4 Let u s be a normal S-word and w G N. Iful<w, then 

(Va G X) «)-ffl^0=^ m s ■ a < w • a. 

Proof. Suppose that w = b bx ■ ■ ■ b rn where m > 0. Then 

{bo(h ■ ■■b m a) if m > 0, 

6 a if to = and b > a, 

a6 if to = and b < a. 

If u s = sa\a 2 • • • a n , then 

c (ci • • • c k aia 2 ■ ■ ■ a n ) if s = c ci ■■■c k , 

Ug~ = { Coaia 2 ■ ■ ■ a n if s — Co > ai, 

d\Coa 2 ■ ■ ■ a n if s = cq < ai 



and 



Therefore, 



sai(a2 • • • a n a) if a > ai, 

saaia2 ■ • ■ a n — a\aa 2 ■ ■ ■ a n ■ s if a < ai. 



c (ci • • • c fc aia 2 • • • a n a) if s = c Ci • • • c k , 
u s ■ a = ^ Co(a 1 a 2 ■ ■ ■ a n a) if s — Cq > a±, 

ai(coa 2 ■ ■ ■ a n a) if s — cq < a±. 

If u s = ao°i • • • a n • s ) then UJ = ao(ai • • • a n s ^) an d m s • a = ao(°i ' ' ' Q>n s ^ 1 
Since < w, in both cases we have u s ■ a < w ■ a. □ 
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Definition 2.5 Let f and g be momic polynomials of C( 2 )(X) and a and (3 are the co- 
efficients of /(°) and gr(°) respectively. We define seven different types of compositions as 
follow: 

1. If f = a ai • • • a n , g = a h ■ ■ ■ b m , (n, m > 0) and lcm(AB) ^ (a x ■ ■ ■ a n b\ ■ ■ - b m ), 
where lcm(AB) denotes the least common multiple in [X] of associative words 
a\---a n and b± ■ ■ - b m , then let w = a (lcm(AB)) . The composition of type I of 
f and g relative to w is defined by 

lanjAB) WAS) 

Ci{f,g) w = f{ ) -g{-r 7— >. 

ai • • • a n 0% ■ ■ ■ o m 



2. If f — f^ = a^ai ■ ■ ■ a n , gr(°) = a« for some i > 2 or = a± and oq > a 2 , then let 
w = f and the composition of type II of f and g relative to w is defined by 

Cn{f, g) w = f ~ (3~ 1 a a 1 ■ ■ ■ &i ■ ■ ■ a n ■ g, 

where aoOi • • • Oj • • • a n = Oqcli ■ ■ ■ a^ia^i ■ ■ ■ a n . 



3. If f = f^ = a ai ■ ■ ■ a n , g = g^> = a\ and ao < a 2 or n = 1, then let w = f and 
the composition of type III of f and g relative to w is defined by 

Cinif, g)j = f + ga a 2 ■■■a n . 



4- If f = /W = ao a i ' ' ' a n, g^ 7^ 0, = ai and < a 2 or n = 1, then for any 
a < a and w — ao(ai • • ■ a n a) , the composition of type IV of f and g relative to w 
is defined by 

Civif, g)w = f a - (3~ 1 aoaa 2 ■■ • a n ■ g. 



5- Iff = /« = a a x ---a n , ^ 0, gW + and g® = b $ {a t }? =1 , then let 
w — ao( a i ' ■ ■ a nb) and the composition of type V of f and g relative to w is defined 
by 

Cv(f, g)w = fb- f3' 1 a a 1 ■■■a n - g. 



6. If /(°) = <?(°) = a and /W ^ 0, then for any a ai G R and w = a (ciia), the 
composition of type VI of f and g relative to w is defined by 

C V i(f, g)w = (a ai)(a -1 / - P^g)- 



7. // ^ ; g^ 1 ' 7^ and /(°) = a > = b, then for any ao > a and w = a^ba, the 
composition of type VII of f and g relative to w is defined by 

Cvn(f,g)w = a' l {a G b)f - [3~\a a)g. 



Immediately, we have C\(f,g) w < w. 

Remark: In the paper of V. V. Talapov [10] , only the compositions of types I, II and III 
are defined. 
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Definition 2.6 Given a set S of monic polynomials of Cr 2 -\(X) and w £ N a polynomial 
f £ C(2){X) is called trivial modulo S andw, denoted by f = mod(S,w), if f is a linear 
combination of normal S-words whose leading words are less than w, i.e., f = Yli a i u si> 
where ai £ k ; u Si are normal S-words and < w. For any f,g £ £( 2 )(X), we say 
f = g mod(S,w) if f — g = mod(S,w). 

The set S is a Grobner-Shirshov basis in C(2)(X) if S is closed under compositions, 
which means every composition of any two elements of S is trivial modulo S and corre- 
sponding w, i.e., (Vf,g £ S) C\(f,g) w = mod(S,w). 

Lemma 2.7 If sa±a2 ■ ■ ■ a n is a normal s-word with leading word w, then for any < s, 

sa\a2 • • ■ a n = sa^a^ ■ ■ ■ ai n mod(s, w), 
where (a^a^ ■ ■ ■ a{ n ) = aia 2 ••• On- 
Proof. There is nothing to prove if = a\. Suppose that a ix = aj > a% for some j > 2. 
Then we have 

SCL\Qi2 ' ' ' Q"n 
— SCL\CLjQ,2 ' ' ' Oii' ' ' O n 

= sajaia2 • • • di • • • a n + (ajai)a2 • • • di • • ■ a n • s. 



Since a ix < s, it is easy to see that (ajai)a 2 ■ ■ ■ di ■ ■ ■ a n ■ s < saia 2 ■ ■ ■ a n = w. The result 
follows. □ 

The following lemma plays a key role in this paper. 

Lemma 2.8 Let S be a Grobner-Shirshov basis in C@)(X). If w = Tl^ = TT^, where 
S\,s 2 £ S and u Sl , u S2 are normal S-words, then for some ^ a 6 k, 

u Sl = au S2 mod(S,w). 

Proof. There are three main cases to consider. 
Case 1. u si = Siaia 2 ■ ■ • a n , u S2 = s 2 bib 2 ■ ■ • b m . 

(1.1) If s\ = Si = c Ci . . . Cfc and s 2 = Srp = d d 1 . . .di, then c = d and 

w = c (ci ■ • • c k aia 2 ■ ■ ■ a n ) =d Q (df- dib x b 2 ■ ■ ■ b m ) = c (lcm(CD)T), 

where T £ [X] such that (c\ ■ ■ ■ CkCL\a 2 • ■ • a n ) = (di ■ • ■ dib\b 2 ■ ■ ■ b m ) = (lcm(CD)T). 
Thus, By Lemmas 12.71 and 12.41 we have 

Siaia 2 ■■■a n - ■■■b m 

lanjCDl lcm(CDl 

= si T)-s 2 {— — T) 

ci ■ • • c fc d\ ■ ■ ■ di 

_ IcmjCD) lcm{CD) 

= 0i( )~ s 2\^ T )\ T 

ci ■ ■ ■ c fe di ■ ■ ■ di 

= C I (s 1 ,s 2 ) w '(T) 
= mod(S,w), 
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where w' = Co(lcm(CD)) and w = w'(T). 

(1.2) If si = s^p = CoC\...Ck and s 2 = s 2 °^ = d, then there are two subcases to be 
discussed. 

(1.21) If d> 61 then 

iu = c (ci • • • c k a x a 2 • ■ ■ a n ) = d&i& 2 • • • fyn, 

which implies Co = d and (ci • • • Cfcaia 2 • • • a n ) — b\b 2 ■ ■ ■ b m . 
Hence, 

S\a\a 2 ■ ■ ■ a n — s 2 bib 2 ' ' ' b m 
= siaia 2 • • • a n - (s 2 ci • • • c k )a\a 2 • ■ • a n 
= (si - s 2 Ci • ■ ■ c k )aia 2 ■ ■ ■ a n 

= Cj(si, «2)si a l a 2 • • • On 

= mod(S,w). 

(1.22) If d < bi then 01 > c±. In fact, if ai < C\ (< Co), then w = CqCLi{ci ■ ■ ■ c k a 2 ■ ■ ■ a n ) = 
bidb 2 ■ ■ ■ b m , which implies c = 61, a\ = d and (ci • • • Cfca 2 • • • a n ) — b 2 • ■ • b m . This is im- 
possible because c\ < c = b\ < bi (2 < i < m). Thus we have a\ > c\ and 

w = c ci (c 2 • • • c fc a!a 2 • • • a n ) — bidb 2 ■ ■ ■ b m , 

which implies c = 61, C\ — d and (c 2 • ■ • c k aia 2 ■ ■ ■ a n ) — b 2 • • • b m . 
By noting that Co = b\ < hi = c 2 for some 2 < i < m, we have 

siaia 2 ■■•a n + s 2 bib 2 ■■■b m 

= Sidia 2 ■ ■ • a n + (S2 C C 2 ' ' ' c k) a l a 2 ' ' ' a n 

= (si + s 2 c c 2 • • • c fc )aia 2 • • • a n 
= C , ///(si,S2)5 1 aia 2 ---a n 
= mod(S,w). 

(1.3) If si = sf' 1 = c and s 2 = = d, then we have n = m. Thus, we may assume 
that n = m > 1. There are two subcases to consider. 

(1.31) If either c > 01, d > &i or c < ai, d < &i, then 

w = ca,\ • • • a n — db\ • • - b m 

or 

which implies c = d, ai 
It is easy to see that 



w = a\ca 2 • • • a n — b\db 2 ■ ■ ■ b m 
= bi (Vi) and n = m. 

siaia 2 • • • a n - s 2 bib 2 • • • b 
= (si - s 2 )ai ■ ■ -a n 
= C I (s 1 ,s 2 )s 1 a 1 - ■ -a n 
= mod(S,w). 
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(1.32) If c > ai but d < bi, then 

w — ca± ■ • ■ a n — b x db 2 • • ■ b m , 

which implies c = bi, d = a±, = b; L [i > 2) and n = m. 
Obviously, 

S1CL1CL2 ■ ■ ■ a n + s 2 b 1 b 2 • • • b m 
= (s 1 s 2 -s 1 s 2 )a2---a n 
= {si(s 2 - s 2 ) - (si - Si)s 2 )a 2 - • -a n 
= mod(S,w). 

Case 2. u Sl = s 1 a 1 a 2 • • • a m u s 2 = &0&1&2 ■ ■ • b m • s 2 . We may assume that s 2 is (O)-monic 
and s^ = d. Then w — b (bi ■ ■ ■ b m d) . 

(2.1) If s\ = = c ci . . . Cfc, then c = 60 and 

w = c (ci • • -c k aia 2 ■ • • a n ) = b (bi ■ ■ - b m d). 

(2.11) If d ^ {ci}i=i, then there exists an Oj (1 < i < n) such that d = ai. Thus, 

sidia 2 ■ ■ ■ a n - • • • b m ■ s 2 

= (sidi)aia 2 ■ ■ • a, • • • a„ — (c ci • • • c fc • 52)^102 • • • a* • • • a„ 

If = 0, then 

( S 1 S 2 ^ ~~ SlS2) a l a 2 ' ' - • • • a n 
— (S1S2 — SlS2)°l a 2 ' ' ' • • • a n 

= mod(S,w). 

If = 0, i.e., si = — si + r^\ then let s^ = s^ + and we have 

~(oy - 

s l s 2 ~ s l s 2 

= (si + r?)sf-sis? 
= r^s^ — sir 2^ 

= r^s^ — Sir^ + r^V^ — r^V^ 

= r^s^ — Sir 2^ 

(i) (0) 
= r\'s 2 -sir^\ 

which implies (sis^ — s~is 2 )aia 2 ■ ■ ■ di ■ ■ ■ a n = mod(S, w) immediately. 
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If s { 2 1] ^ and 4 0) ^ 0, then 



(s 1 sP - s l s 2 )a l a 2 ■■•d i 
= C v (s 1 , s 2 ) w 'a 1 a 2 ■ ■ -di ■ ■ 
= mod(S,w), 



where w' — Cq(c\ • • • c k d) and w = w'a\a 2 • • • dj • • • a n . 

(2.12) If d — Ci for some % > 2, or d = c\ and Co > c 2 , then 

s\aia 2 •••a n — b hb 2 ■ ■ -b m - s 2 
= s x aia 2 •••a n - (c ci • • • q • • • c k ■ s 2 )axa 2 • • • a n 
= (si - c ci • • • di ■ ■ ■ c k ■ s 2 )aia 2 ■ ■ ■ a n 
= C n (si,s 2 )s 1 a 1 a 2 - ■ -a n 
= mod(S,w), 

where q = d. 

(2.13) If d = Ci and c < c 2 , then by the form of w, we have b h • • • b m — c (c 2 • • • c^a! • • • a n ) e 
i?, which implies c 2 > c > ai. Thus, 

siaia 2 • • • a n - &0M2 • • • &m • s 2 
= siaia 2 •••a n — c ai (c 2 • • • c fc a 2 • • • a n ) • s 2 
= (siai - c aic 2 • • -c fc • s 2 )a 2 • • ■ a n 
= C IV (si, s 2 ) w >a 2 ■ • • a n 
= mod(S,w), 

where w' — cq{c\ ■ • • c k ai) and w = w'a 2 ■ • ■ a n . 

(2.2) If si = = c and s 2 °^ = d, then n = m + 1 > 2 since u> = b (h- ■ -b m d) and 
m > 1. 

(2.21) If c > ai, then iu = cai • • • a n — bo(h • • • b m d), which implies b = c. 
(2.211) If d > bi, then a\ — h, a 2 • • • a n — (b 2 ■ • • b m d) and 

siaia 2 ■■■a n - b hb 2 ■■■b m - s 2 
= (si6id)&2 ■■■b m - {{boh) ■ s 2 )b 2 ■■■b rn 
= (siM- (boh) ■ s 2 )b 2 •••b m 

= (sihs { 2 0) - (sih) ■ s ( 2 0) )b 2 ■■■b m 

= ( Sl h(4» - 4 0) ) - (fa - Sl )h) ■ 4 0) )6 2 ■■■b m 

= (sih) {r { 2 0) b 2 ■ ■ ■ b m ) - (ri&i)&2 ■■■b m -s 2 
= mod(S,w), 

where = + rf^ and si = Si + r\. 
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(2.212) If d < bi, then w = cdb\---b m . Suppose that s\ = c + Y2 c . <c cxiCi, s 2 = 

d + J2 dj<d Mj- Thus > 

sia x a 2 •••a n - b bib 2 ■■■b m - s 2 
= sidbib 2 ■ ■ ■ b m — cb\b 2 ■ ■ -b m - s 2 
= (sidbi - (c&i) • s 2 )b 2 ■ ■ ■ b m . 
= (sidfti - (sibi)s 2 + ^ ®i{ c ih)s 2 )b 2 ■■■b rn 

Ci<C 

= (sihd + (bid)si - (s 1 b 1 )s 2 + ^ ai(cibi)s 2 )b 2 •■•b m 

Ci<C 

= (si&i(d - s 2 ) + (b 1 d)s 1 + ^ ®i{cih)s 2 )b 2 ■■■b m 

Ci<C 

= (~ ^ PjSibidj + (6id)si + ( ajQfei) • s 2 )& 2 • • • b m 

dj<d Ci<c 

= (~ ^ PjSxdjbi + ^ fyfad^si + (6id)si + aijCj&i) • s 2 )& 2 • • • &m 
= mod(S,w). 

(2.22) If c < ai, then u> = aica 2 • • • a n — &o(&i • • • & m ^) and ai = &o- 111 this case, d > bi, 
and then b\ — c, d — a* for some % > 2. Otherwise, if d < 61, then d = c. This implies 
aj = for any % > 1 and 6 — °i < °2 = which is a contradiction. Therefore, 

siaia 2 • • • a n + • • • b m • s 2 

= -{aisi)a 2 - ■ -a n + aibib 2 - ■ -b m - s 2 
= — ((aiSi)d)a 2 • • • dj • • • a n + (aic)a 2 • • • dj • • • a n • s 2 

= ((siai)4 0) + (aisi) • s 2 )a 2 • • • a* • • • a n 

= ((siai)(s 2 0) - 4 0) ) + - si)) • s 2 )a 2 ■■■d i ---a n 

= mod(S,w). 

Case 3. w Sl = aaa\a 2 • • ■ a n ■ si, u S2 = &0&1&2 s 2 . We may assume that both si 

and s 2 are (O)-monic. Suppose that = c and s 2 ^ = d. Then u> = a (aia 2 • • • a n c) = 
b {b x b 2 ■ ■ ■ b n d) and a = b . 

(3.1) If c = d, then a» = &j for all i and 

a aia 2 ■ ■ ■ a n ■ si - b b±b 2 ■ ■ ■ b n ■ s 2 — a aia 2 ■ ■ ■ a n ■ (s 1 - s 2 ). 

If = = 0, i.e., si = = = s 2 = c, then 

a aia 2 • • • a n ■ (si - s 2 ) = a aia 2 ■ ■ ■ a n ■ C I (s 1 , s 2 ) = 0. mod(S, w). 

If sS 1} ^ 0, then 

= ((a a 1 )(s 1 - s 2 ))a 2 ---a n 

= Cvi(si, s 2 ) w ia 2 • • • a n 

= mod(S,w), 
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where w' = a (aic). 

(3.2) If c ^ d, say, c> d, then w = a Q {cdai • • • Oj • • • a n ) = a {cdb\ • • • bj • • • b n ) for some 
aj and bj. 

(3.21) If d > bi, then w = aob\{cdb 2 ■ ■ - by • • b n ) = aoai{cda 2 ■ ■ ■ &i ■ ■ ■ a n ), which implies 
ai = bi, a 2 • • • di • • • a n = b 2 • • • bj ■ • • b n . Thus, 

a aia 2 • ■ ■ a n ■ s 1 - &0M2 • • • K ■ s 2 
= ((a bid) ■ si)a 2 ■■•d i ---a n - ((a &ic) • s 2 )b 2 ■ ■ ■ bj ■ ■ ■ b n 
= (a M ■ si - a 6ic • s 2 )b 2 ■■■b j ---b n 
= (a 6i(d - s 2 ) ■ si - a &i(c - Si) • s 2 )b 2 ■■■b j ---b n 
= mod(S,w). 

(3.22) If d < bi, then iu = aodbi---b n = aaa\(a 2 ■ ■ ■ a n c), which implies a± — d and 
c = bi for some %. 

(3.221) If c = b\ < ao, then a* = h (i > 2) and u; = a dcb 2 • • - b n . We have 

a aia 2 • • • a„ • si — &0M2 • • • &n • «2 
= ((a d) • si)a 2 • • • a n - ((a c) • s 2 )a 2 •••a n 
= (a d ■ si — a c • s 2 )a 2 ■ ■ ■ a n . 

If s^p = 0, then we may suppose that si = c + <c a » c » anc ^ s 2°' ) = ^ + Yld-«iPjdj- We 
have 



{cL^dS\ — AqCS2)^2 ' ' ' 

((aoSi)d + Sirfao — aoc ■ s 2 )a 2 ■ ■ ■ a n 

((a s 1 )s 2 — clqC ■ s 2 + Sida + ^ (3jSia dj)a 2 ■ ■ ■ a n 



d;<d 



((a (si - c)s 2 + sida + ^ (3jSidja dj - ^ (3j(a dj)si)a 2 • • • a n 

dj<d dj<d 

ai(a Ci)s 2 + Sida + (3jSidja Q dj — (3j(aodj)si)a 2 • • ■ a n 



Ci<c dj<d dj<d 

= mod(S,w). 



If s^p = 0, then we have 

(a dsi — a c ■ s 2 )a 2 ■ ■ ■ a n 
= (a dsi — a s 2 c — s 2 ca )a 2 ■ ■ ■ a n 
= (a (d - s 2 )s 1 - a s 2 (c - si) - s 2 ca )a 2 • • • a n 
= mod(S,w). 

If 7^ (i — 1,2), then let w' = a dc. We have w = w'a 2 ■ ■ ■ a n and 

(a ds 1 — a c ■ s 2 )a 2 ■ ■ ■ a n 
= Cvii(s 2 , Si) w ia 2 ••• a n 
= mod(S,w). 
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(3.222) lfc = b i >b 1 for some i > 2, then 

a Q aia 2 ■ ■ ■ a n ■ s 1 - • • • K • s 2 

= ((aodbt) ■ si - (a 6ic) • s 2 )6 2 ■■■b j ---b n 
= (aobid ■ Si + bida Q ■ Si — a &ic • s 2 )fe 2 • • • bj 

= (a &i4 0) ■ si - a Mi ■ s 2 )6 2 ■■■byb n 
= (((ao6i) • s 2 ) • si - ((a 6i) • si) • s 2 )6 2 • • • 
= mod(S,w). 

The proof is complete. □ 

Theorem 2.9 (Composition-Diamond lemma for metabelian Lie algebras) Let 

S C C(2)(X) be a nonempty set of monic polynomials and Id(S) be the ideal of Cc 2 \(X) 
generated by S. Then the following statements are equivalent. 

(i) S is a Grobner-Shirshov basis. 

(ii) f G Id(S) =>■ / = u~ s for some normal S-word u s . 

(Hi) Irr(S) = {u \ u G N,u for any normal S-word v s } is ak-basis for £( 2 )(X\S) = 
C {2) (X)/Id(S). 

Proof, ii) =>- (ii). Let S be a Grobner-Shirshov basis and 0^/6 Id(S). Then by 
Lemma 12.31 / has an expression f = Y1 a i u si , where ^ a; 6 k, u Si are normal S- words. 
Denote Wi = u^, i = 1, 2, We may assume without loss of generality that 

w 1 = w 2 = ■ ■ ■ = Wi > W l+ i > Wi +2 > ■■■ 

for some I > 1. 

The claim of the theorem is obvious if I — 1. 

Now suppose that I > 1. Then = w\ = w 2 = Tl^. By Lemma l2~8| for some a G k, 

u S2 = au Sl mod(S,wi). 

Thus, 

a 1 u Sl + a 2 u S2 
= («i + aa 2 )u Sl + a 2 (u S2 — au Sl ) 
= (ai + aa 2 )u Sl mod(S,wi). 

Therefore, if ci\ + aa 2 ^ or / > 2, then the result follows from the induction on /. For 
the case a± + aa 2 = and Z = 2, we use the induction on w±. Now the result follows. 

(ii) =>■ (m). For any / G £( 2 )(X), we have 

/ = ^ a i U Si + & U i> 

12 




where oti, /3j £ k, Vj £ Irr(S) and u Si are normal S'-words. Therefore, the set Irr(S) 
generates the algebra C(2)(X)/Id(S). 

On the other hand, suppose that h = J2 a i v i = in £( 2 )(X) / 'ld(S), where ctj £ k, 
Vi £ Irr(S). This means that h £ Id(S). Then all aj must be equal to zero. Otherwise, 
h = Vj for some j which contradicts (ii). 

(Hi) =>■ (i). For any f,g £ S, we have 

Cx(f,g)w = ^2 aiUs > + X] 

Us~<W Uj<W 

Since C\(f,g) w £ Id(S) and by (m), we have 

C\(f,g) w = ^2 aiUs *- 

u7~<w 

Therefore, S is a Grobner-Shirshov basis. □ 

Lemma 2.10 ([10]) Suppose that f £ £( 2 )(X). Then there exists an element ft £ 
£(2)(X) suc/i £/iet£ Id(f) = Id(f'), J' < f, f'W = /'°) and no word occurring in f^ 1 ' 

contains /(°) as a strict subword. 

Proof. If no word occurring in /W contains /(°) as a strict subword, then we are done. If 
co ntains /(°) as a strict subword, say / = = a ai ■ ■ ■ a n , /(°) = a, for some z > 2 
or /(°) = a\ and a > a 2 , then let /i be the composition of type II of / and itself: 

ft = C n (f, f)f = f - /3 _1 a ai • • • di ■ ■ ■ a n ■ f, 

where a { = fi®. It is obvious that Id(f) = Id(ft), and ft < f, f[ 0) = /(°). If contains 
/(°) as a strict subword, we again consider the composition ft = Cu(ft, ft)f v and so on. 
By induction on the leading word, we obtain an element /' such that Id(f) = Id(f'), 
f' — /) f'^ — f^°\ and either /' = f'(°> or /'W dose not contain /(°) as a strict subword. 

Arguments analogous to the one given above for the leading word also apply to other 
regular i?-words occurring in the expansion of / and containing /(°) as a strict subword. 
Finally, we have the one we want. □ 

Lemma 2.11 Suppose that f = /W = a^ai - ■ ■ a n , g^ ^ 0, g(°) = a\ and ao < a 2 or 
n = 1. If = 0, then for a = a\ < ao and w = ao(ai • • • a n a) , the composition of type 
IV of f and g is trivial. 

Proof. We may suppose that g is (O)-monic. Then 

Cjv(f,g)w = fai-f-9 

= rf-g^-f-r^ 

= r W . - / . r f + rf ■ rf - rf ■ rf 

= r f) Q® + r (o) ) - (f + rf } ) • rf 

= rf.g-f-rf 
= mod({f,g},w), 

where / = /W = / + r ( f 1} and #( ) = ~g$) + rf . □ 
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Lemma 2.12 The compositions of type I, V and VI formed by f itself are always trivial. 

Proof. For type I and VI, the result is obvious. We only check type V. Suppose that 
f = fW = a ai • ■ ■ a n , /(°) = b £ {a,}" =1 , and w = a (a 1 ■ ■ ■ a n b). We have 

C v {f,f)w = fb- /3~ 1 a a 1 ---a n - f 

= f ■ f^ - f ■ (3~ l (r^ + (3f^ + r^) 
= _^-i/.( r (i) +r (0)) 

= . / _ p-if . r (o) 

= mod(f,w), 
where /« = / + r« and /(°) = PfW + r (°), /3 g k. □ 

Remark: If a subset S 1 of £(2) (X) is not a Grobner-Shirshov basis, then one can add all 
nontrivial compositions of polynomials of S to S. Continuing this process repeatedly, we 
finally obtain a Grobner-Shirshov basis S c that generates the same ideal as S. Such a 
process is called Shirshov's algorithm and S c is called a Grobner-Shirshov complement 
of S. By Lemma I2.10[ we may assume any element of the original relation set S has 
no composition of type II formed by itself and the Shirshov's algorithm do not involve 
compositions discussed in Lemmas 12.111 and 12 . 1 21 

3 Applications 

Suppose that A is a metabelian Lie algebra and Y = {ai, i G 1} U {bj, j G J} is a k-basis 
of A, where {cij} is a basis of A^ and fy's are linear independent modulo ^4^. Suppose 
that / and J are well-ordered sets. The set of multiplications of Y, say M, consists of the 
following: 

m Uj : aibj - y^T^Ofc, 

m 2i j : - ^5j-a fc , (i > j), 
m 3ij : Oi%, (z > j), 

where 7«,^- G k. Then we have ^4. = £(2)(y|M) and since Irr(M) = Y, by Theorem 
12.91 M is a Grobner-Shirshov basis for ^4. with respect to eij > 6j. 

Let 5 denote the free metabelian Lie product of A and a free metabelian Lie algebra 
generated by a well-ordered set X = {xh\h G H}, i.e., 

S = A*C {2) {X) = £ {2) (XUY\M). 

Theorem 3.1 Let the notion be as above. Then with respect to Xh > &i > bj, a Grobner- 
Shirshov complement M c of M in Cr 2 )(X U Y) consists of M and some X -homogenous 
polynomials without (0)-part, whose leading words are of the form xy ■ ■ ■ with an a>i as a 
strict subword, x G X, a^y G Y . 
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Proof. For convenience, we call the X-homogenous polynomials described in the theorem 
to satisfy property Px- 

Since M is a Grobner-Shirshov basis in £( 2 )(V), we need to check the compositions 
which are formed by M itself and involve some elements in X. The possible types are VI 
and VII. 

First, we check type VI. Suppose that m^] = m^ t = a\ and the corresponding w is of 
the forms xx'ai, xbai and x{aai) for some x,x' e X, b G {bj} and a e {a^}. 

If w = xx'ai, then 

C V i{m Uj ,m ut ) w = (xx')(('y l ij )~ 1 m li j - {l l st )~ lm ut) 

k<l k<l 



and obviously it satisfies Px- 
If w = xbai, then 



Cvi{m U j,mi st ) w = (x6)((7- i ) 1 m M j- - (7^) ^1^) 



and still satisfies Px- 
If w = xaa;, then 

Cvi(m Uj ,m lst ) w = (xa)((7- i )" 1 m lii - (7^) _1 m lst ) 

= - Z (7i)" 1 7 l ^a fe a + £ fr^"^^ 

a^<a a^<a 

" Z (^•) _1 7 l ^aafc + Z (7rt) _1 7^aa* mod(M, w), 

and again the remainder satisfies Px- 

Cvi{mii j ,m 2 st)w, C VI (m2ij,m 2 st)w are similar to Cviimuj, m lst ) w . 
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Second, we check type VII. Suppose that m u - = a p > a q = m\J t and w = xa q a p . Then 

Cvn( m iij, mist)w 
= (ifj^ixa^muj - (^^(xa^mut 

= ~ ^(ifj)' 1 !^^^ + ^{itt^lstxapak - x{a p a q ) 

k<p k<q 

q<k<l k<q q<k<l 

+ ^(litr^st^kap + ^(7^)~ 1 7 s V(apafe) - x{a p a q ) 

k<q k<q 

= ~ Yl ( ^ V ij)~ 1 ^ k i3 xa i a k - 5Z(7£-) -1 7S + xa kdq YHt^lst^kap mod{M, w), 

q<k<l k<q k<q 

and the remainder has property Px- One may check that Cvnijnuj, m2 S t)w and Cvn{jri2ij, m 2st ) 
are the same as Cvn(miij,mi st ) w , which have property Px- 

Observing from above and the definition of compositions, we know that the non-trivial 
compositions of polynomials satisfy Px themselves are only of type I and the results again 
satisfy Px- Also by the definition of compositions and property Px, the compositions of 
M and polynomials satisfying P x are only of type II and the results still satisfy P X - The 
theorem is proved. □ 

Observing from the proof of the above theorem, we have the following proposition. 

Proposition 3.2 Let At = £ (2 )(^|^) ; where Si C £ (2 )(Xi) (1) ; % = 1,2. Then U S% 
is a Grobner-Shirshov basis for the free metabelian Lie product A\ * A2, where Sf is a 
Grobner-Shirshov complement of Si in £( 2 )(Aj), i — 1,2. 



Now, we consider partial commutative metabelian Lie algebras related to some graphs. 

Let T = (V, E) be a graph, where V is the set of vertices and E the set of edges. For 
e G E we call o(e) the origin of e and t(e) the terminus. We say a metabelian Lie algebra 
is partial commutative related to a graph T = (V, E), denoted by MC T , if 

M£ T = C{2)(V\ [o(e),t(e)] = 0,eeE). 

In this section, we find Grobner-Shirshov bases for partial commutative metabelian Lie 
algebras related to any circuits, trees and 3-cube. 

The following algorithm gives a Grobner-Shirshov basis for partial commutative metabelian 
Lie algebras with a finite relation set. 

Algorithm 3.3 Input: relations /1, • • • , f s of C( 2 )(X), f { = xx' , F = {/1, • • • , f s }. 
Output: a Grobner-Shirshov basis H = {hi, • • • ,h t } for C(2)(X\F). 
Initialization: H :— F 

While. fi Xi Xi 1 ■ ■ ■ Xi n , fi •Ejo^ji ' ' ' ^jm) &Tid Xi %ii 7^ ^ji 

Then Do: h := max{xi 1 ,Xj 1 }min{xi 1 ,Xj 1 }(xt 1 Xt 2 • • • x tl ) 

where {xt r , Xt 2 , • • • , Xt t } = { x io , 2^2 ■>'"'■> %i n } O {%j2 1 ' ' ' 1 x jm } 

If: there is no fj G H such that fj is a subword of h 

Do: H:=HU{h} 
End 
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Definition 3.4 Let n be a positive integer. A circuit (of length n), denoted by Circ n , 
is a graph which the set of vertices is Z/nZ and the orientation is given by n edges 
e iji+ i, % e Z/nZ, with o(e iji+1 ) = i and t(e iji+1 ) =i + l. 





n - 1 ^""^o 1 



Circ n : 



% + 1 i - 1 

i 

Theorem 3.5 For the partial commutative metabelian Lie algebra related to Circ n 

MjCcirc n = C (2) (Z/nZ | [i + = 0, i e Z/nZ), 

with the usual ordering on natural numbers, a Grobner-Shirshov basis for M.Cci rCn con- 
sists of the following relations: 

/„: [n-l,0]=0, 

fi-. [i, i - 1] = 0, l<i<n-l, 

[j,0,j + l,j + 2,---,n-l] = 0, 2 < j < n - 2, 

where the brackets [• • • ] the left-normed brackets. 

Proof. The only possible compositions are of type I by / n -i,/o and gj,fj, where the 
corresponding w's are [n — 1, 0, n — 2] and [j, 0, j — 1, j + 1, j + 2, • • • , n — 1] respectively. 

For the first one, u> = [n — 1, 0, n — 2] and 

Cj(/n-l> /o) 

= [n - 1, n- 2] -0-[n- l,0,n-2] 
= [n- 2, 0,n-l] 
= mod(g n _ 2 ,uj). 

For the second one, w — [j, 0, j — 1, j + 1, j + 2, • • • , n — 1] and 

= [j, 0, j + 1, j + 2, • • • ,n - 1] ■ (j - 1) - [ 3 , 3 - 1,0, j + 2, • • • ,n - 1] 
= [j-1,0,j,j + 1,j + 2,--- ,7i-l]. 

Then it is trivial modulo / 2 if j = 2 and modulo gj-i if j > 3. □ 
Definition 3.6 A tree is a connected non-empty graph without circuits. 
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A geodesic in a tree is a path without backtracking. The length of the geodesic from v 
to v' is called the distance from v to v', and is denoted by l(v,v'). 

Fix a vertex v o of a tree T. For each integer n > 0, let V n be the set of vertices f of T such 
that l(v , f ) = n. Then the set of vertices of T is the union of V n and 1^ n Vj = 0, i ^ j. 
If f G V n with n > 1, there is a single vertex v' G from to which v is adjacent. 




V 4 -)• V 3 -> ^ 2 -> K -)• V 



We linearly order the set of vertices = lJn>o ^" sucn ^ na ^ is the smallest element 
and for any v G Vi, v' G Vj, v < v' if % < j. Then the partial commutative metabelian Lie 
algebra related to the tree T is defined by: 

MC T = C m {V\R), 

where 

R = {[v',v] = 0\v' G V n+ \,v G V n , v' and v are adjacent, n > 0}. 

Theorem 3.7 T/ie relation set R forms a Grobner-Shirshov basis for the partial commu- 
tative metabelian Lie algebra A4£r related to the tree T. 

Proof. It is obvious that for any v' G V n+ i, there is only one element v G V n such that 
the relation [v', v } = lies in R, which means there is no composition in R at all. Thus, 
R is a Grobner-Shirshov basis automatically. □ 

By Theorems 12.91 and 13 .7\ we have the following corollary. 

Corollary 3.8 A linear basis of AiCr consists of regular words vqV\ ■ ■ - v n (n > 0) on V 

satisfying the following condition: if vq > vi (i > 1), then l(vo,Vi) ^ 1. 

Definition 3.9 Let n be a positive integer. An n-cube, denoted by Cu n , is a graph 
which the set of vertices V n = {(ei,E2, ■ ■ ■ ,s n ) G W 1 ^ = or 1} and two vertices e = 
(ex, 82, • • • , e n ), 5 = (61,62, ... , 6 n ) are adjacent if 3 %, such that Si = 6i + 1 mod 2 and 
£j = 6j for any j ^ i. 

For example, 3-cube and 4-cube are the followings: 
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(1,1,0,0) 




(0,0,1,1) 



We order all vertices lexicographically. The distance of e and 8 is d(e, 8) = Y^l=i \ £ i~$i\- 
Then the partial commutative metabelian Lie algebra related to the n-cube Cu n is defined 
by: 

MC r = C {2) (V n \e8 = 0, d(e,8) = l). 

Theorem 3.10 A Grobner-Shirshov basis S for the partial commutative metabelian Lie 
algebra related to 3-cube 

MC CU3 = £ {2) (V 3 \e8, d(e,5) = l,e>5) 
is the union of the following: 



R2 


= {[e5\ 1 d(e,6) = l}, 




Rs 


= {[s5\fi | d(e,8)=2, 


fie, fx5 G -Ri}, 




= { [e8\ /i7 d{e, 8) = 3. 


, jie e R 2 ,n8j G R 3 }, 


R 5 


= {[Si5 2 \l (1^11^2) I d(5i 


, 8 2 ) = 2, jSifii G R 3 ,i = 1, 2}, 


R 5 


= {L^2j7/V 1 d(5 1 ,8 2 


) = 2, 7<5i G i? 2 ,72^' e R 4 ,d(fi,8i) ^ 1}, 



where [e8\ — max{e, 8}min{e, 8}. 



By Algorithm \'S.'S\ we have that a reduced Grobner-Shirshov basis (it means there is no 
composition of type I, II, III) for the partial commutative metabelian Lie algebra related 
to 4-cube A4£cu 4 consists of 268 relations. 
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